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Certain exact solutions have been derived for the nonlinear heat- 
conduction problem for boundary conditions of the fourth kind. 

On the  b a s i s  of the me thod  p r o p o s e d  by the a u tho r s  
in [1], we have  d e r i v e d  exac t  so lu t ions  fo r  the  h e a t -  
conduct ion  p r o b l e m  unde r  bounda ry  condi t ions  of the  
four th  kind.  The t h e r m o p h y s i c a l  p a r a m e t e r s  a r e  f u n c -  
t ions  of t e m p e r a t u r e .  

~1. Let  us  e x a m i n e  the s y s t e m  of equa t ions  

cl (0i) Y1 (00 Oot Ox 

( t > 0 ,  x > 0 ) ,  (1 .1)  

o 002 t 
- , 

( t > O ,  x ~  / O) (1.2)  

for  the fo l lowing  b o u n d a r y  cond i t ions :  

O~(x,O)=% ( x > O ) ,  O~(x,O)=% (x<O); (1.3) 

o~(o, t)=o~(o, t), ~ oo~(o, t) = ~  oo,(o, t) , (1.4) 
Ox Ox 

w h e r e  010 and 020 a r e  cons t an t s .  
We a s s u m e  tha t  

Jxl (1.5) 
21/7 

so that  with c o n s i d e r a t i o n  of (1.5)  Eqs .  (1 .1)  and (1.2)  
a s s u m e  the  f o r m  

d 
= - -  2~ ~ cl (01) y (Oz), ( 1 . 6 )  

w h e r e  a i s  a cons tan t  equal  to the  va lue  of the  a n t i -  
d e r i v a t i v e  at  the  lower  l i m i t .  

With (2.1)  we modi fy  (1.6)  to the  f o r m  

w h e r e  

d~u _ d u  . ( u , ,  
d~* 2 ~ - ~  t ) (2.2)  

f (u) = c (o) ~ (o) /z  (o) = c (u) ~ (u ) /~ (u ) .  

By m e a n s  of the  subs t i tu t ion  

du/d ~ = cp (u) (2.3) 

we r e d u c e  (2.2)  to the  f o r m  

d ~  F (u) = - -  2~, (2.4) 
du 

w h e r e  

F (u) = '[/r (u)]-'. (2.5)  

D i f f e r en t i a t i ng  with  r e s p e c t  to ~ in (2.4) and a s s u m ~  
ing that  

g = T V  F(u) ,  (2.6)  

we obta in  

U" -+- I (u) g = - -  2/y, (2.7) 

where 

1 
l (u) = 4 { 2 [ln f (u)]" - -  ([ln f (u)l')2}. 

w Let  us  i n v e s t i g a t e  Eq. (2.7). 
Let us assume 

(2.8)  

d~d [~,2 0 d021 = - - 2 ~  c2(0~)y 0.J, 

which we wi l l  so lve  fo r  the bounda ry  cond i t ions  

[011~=~. = 01o, [0~[~=| = 020; 

[011~=0 = [021~=0, 

(1.7) 

(1. s) 

~ rdO0 =-- IdOl ]  l[ j =o (1.9) 

I (u) = 6, 

w h e r e  p i s  a cons tan t .  
Le t  

p+0 .  

Equat ion  (2.7)  then a s s u m e s  the f o r m  

g" + p g = --2/y. 

(3.1) 

(3.2) 

(3.3) 

w Let  us  i nd ica t e  the  method  of so lv ing  equat ions  
of the f o r m  of (1.6)  and (1.7)  (we d rop  the  s u b s c r i p t s ) .  

Le t  us  i n t roduce  the subs t i tu t ion  

0 

u =  S ~,(0)d0 + a, 
Oo 

(2.1)  

Its solution is 

g 

u = ; dg' + A, 
o V ' D - -  4 1 n g ' - -  {~g" 

where D and A are constants. 

(3.4) 
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Having solved (3.1) with considerat ion of (3.2),  we 
find that the function f (u)  can assume the following 
fo rm:  

[ (u) = R exp [ • ~ u], (3.5) 

M 
f (u) = cos, (u + t<)] > 0), (3.  

f ( u )  = 
IV - ( .  + K)] 

(1~ < 0, i th [ {  - -  I~ (u + K)tI < 1), (3 .7)  

f (.) = 
N 

( l~<0,  l i h I V - g  ( u - l - K ) ] [ > l ) ,  (3.8) 

where R, M, N, and K a re  constants.  
Let 

~ = 0 .  (3.9) 

In this case solution (3.3) is derived f r o m  (3.4) with 
considerat ion of (3.9).  

Solution {3.1) with considerat ion of (3.9) yields 

f (u)  = B, (3 .  I0) 

f(u) - .  a/(u + b) ~, (3.11-) 

where  B,  ~ and b a re  constants.  
w Consequently, for  cases  (3 .5 ) - (3 .8 )  and (3.10) 

and (3.11) we have der ived a solution in quadra tures  
in the f o r m  of (3.4).  

F rom the sys t ems  of equations 

c (o) ~ (0)/z  (o) = f ( u ) ,  

0 
u = .~. ~ (0) d 0 + a, 

O~ 

(4. I) 

eliminating u, we find the fo rm for  the var iable  t h e r -  
mophysical  p a r a m e t e r s  for  cases  (3.5)-(3.8) and(3.10) 
and (3.11), a rb i t r a r i ly  specifying the fo rm of any two 
p a r a m e t e r s .  

The formula  

0 ] 
(e) = 7o(e) f [S  (o)a o + 

t.e~ 
(4.2) 

is convenient to find c(O)y(O) f rom the given X(O); 
however,  it is not convenient to find X(O) f rom e(O) 
and y(O). In the lat ter  case differentiation in (4.2) 
should be employed to der ive the equation for the de -  
terminat ion of ~(0). 

~5. Solutions (1-. 6) and (1-. 7), respect ive ly ,  have 
the fo rms  

Yl 

0 

, _ _  +- A , ,  ( 5 . 1 )  

Y2 
dy A~. 

u, = ~ ] / D , _ 4 1 n y _  ~ - ~ - F  
0 

(5.2) 

INZHENEB=NO-FIZICHESKII ZHURNAL 

Boundary conditions (1.8) and (1.9),  with cons ide ra -  
tion of (2.1),  a s sume  the f o r m s  

[u~]~=| = al, (5.3) 

[u~h=,, = a~, (5.4) 
.re,]~=o 

[ul]~=o = S ~,a(0)d0--[- a, = m,([01]~=o), (5.5) 
elo 

[e=]-:=o 
[u=]~=0 = S ~(O)dO + a~ = (Ih(iO=l~=J, (5.6) 

0.*a 

where r and ~2(92) a r e  the aat ider ivat ives  of the 
functions in (5.5) and (5.6), respect ively .  We denote 

[u~]r = m, [u~h= 0 = n, ( 5 . 7 )  

where m and n a re  constants.  
F rom (5.5) and (5.6),  with considerat ion of (5.7), 

we find 

[OlI~=o = ~1 [m], 

[021~=o = ~ [hi ,  

and, substituting into (1.9),  we obtain 

~V~ Ira] = ~ [hi. (5. S) 

The second condition in (1.4),  with consideration of 
(2.1),  (2.4) and (2.6), a s sumes  the fo rm 

The constants in (5.1) and (5 .2)  a re  found f rom (5.3), 
(5.4) and (5.8), (5.9).  Since 

j r = = =  [q~a(ul)Ju,=a , -= 0, (5.10)  
d~ 

- ~ - - j ~ = =  = [% (u=)lu,=a. = 0, (5 .11)  

and it follows f rom (2.4) that 

dul J.,=~ L duu J.,~r~ 

(weas sume tha t  [F l (u l ) ]u fm ~ 0 and [F2(uz)]u2=u ~- 0), 
so that boundary conditions (5.1) and (5.2), with con- 
s iderat ion of (2.6) and (5.10)-(5.11), a r e  writ ten as 
follows : 

[y~l.,=., = [% FV~-(-Ul (u~)].,=~, = O, (5,13)  

[Y=].,=..~ = [% V y~ (u,)lu.~=a, = 0, (5.  t 4) 

and since 

d ~i _ @i I F~ (u~) Yl 

with considerat ion of (5.12)we obtain 

dul j,,=m = du: 2Fl(ul) j,~=m 
(5.15) 
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and ana logous ly  

1 = [ dus J,,=n du2 - -  2F2 (u2) J,2=~-- 0. (5 .16)  

Subs t i tu t ing  (5.1)  and (5 .2)  into (5 .13)  and (5 .14) ,  r e s -  
p e c t i v e l y ,  we f ind tha t  

A 1 = % ,  A s = % .  (5.17) 

Subs t i tu t ing  (5.1)  and (5 .2)  into (5.15) and (5 .16) ,  r e s -  
p e c t i v e l y ,  we d e r i v e  a s y s t e m  of equa t ions  f r o m  which 
we def ine  the  cons t an t s  D l and D2: 

' y ' -D1- -41ny l - -Oly~  F;(-ul) gl t  = 0 ,  
2F1 (ul) ] .~=,n 

F~ (uO 
Y~] = o, 1 / D2 - - 4  lng 2 - -  ~2Y~-- 2F., (us) / , ,= ,  

~ (m) = ~& (n), 
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yl  dy 
/'/1 

V" D 1 - - 4 1 n y - - f ~ l g  ~ }-al' 
0 

y2 
dg }_ %, 

u s = i / D 2 _ 4 1 n g  - ~y~ 
0 

Iu,l~=0 = m, [u~]~=0 = n. (5.18)  

Af t e r  we have foundthe  cons tan t s  f r o m  s y s t e m  (5.18), 
f r o m  (5.1) and ( 5 . 2 ) - - c o n s i d e r i n g  (2.3) and (2 .6) - -we 
find u 1 and u 2 a s  funct ions  of g. F i n a l l y ,  we obta in  
an a n s w e r  in the  f o r m  

01(x, t ) = T l [ u l ] ,  O~(x, t)=~P2[ue]. (5.19)  
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